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Abstract: Dense array system is the main short-range interception weapon at present, and its
mathematical modeling research is of great significance. By establishing the ground coordinate
system, the incoming aircraft coordinate system and the transitional coordinate system, and
studying the mathematical relationship of the relative transformation among them, the coordinate
matrix of the transformation is given, which provides a mathematical basis for the further study of
the position relationship and hit judgment between the projectile and the aircraft.

1. Introduction

As the most famous shipborne short-range weapon system in the world, the "Dense Array"
system is a short-range defensive naval gun weapon system, which is mainly used to deal with
anti-ship aircrafts flying over the sea. The main features are fast reaction speed, high firing speed,
high density of projectile curtain and full automation. It can automatically complete the whole
process of target detection, threat judgment, tracking and locking, launching attack, damage
assessment and fire control [1-3].

The remote control console of the "Dense Array" system is located in the bridge. Each console
can control up to four groups of "Dense Array" systems, and can perform target assignment and
monitoring. In addition, each "dense array" system has its own independent local console, which is
usually located in the anti-seismic cabin near the "dense array" system to control the operation of
the system. It can be used as a backup when the remote control console fails. The two consoles may
also be used together. There are generally three operators: one shooter and two loaders [4-8].

The revolving machine gun manufactured by Green Company has six 76 times diameter and nine
M16AL1 barrels with right-handed rifles. It uses 20mm caliber ammunition (which can be replaced
depending on the mission content) and has an effective range of 450-1800 meters (the maximum
range record is 5486 meters). The rate of fire is about 3000-4500 rounds/min (depending on the
type of ammunition). The original firing speed of this machine gun is 6600 rounds per minute, but it
is slowed down to avoid the rapid depletion of ammunition. The base of the gun is MK-72
(originally called EX-83) of GD. The ammunition box at the bottom of the gun base can hold about
1,000 rounds of shells. In design, the "dense array" can intercept each target with about 200 rounds
of shells. Therefore, theoretically, a "dense array" system filled with ammunition can engage five
targets continuously [9-12]. However, the premise is that the five targets must appear in the same
direction. If multiple targets attack from different directions at the same time, the "Dense Array"
system needs to search again after the first battle, which wastes precious reaction time.The principle
of action is to pour out a large amount of ammunition in a short time of firing, and form a very
dense barrage on the path that the aircraft can pass through calculated by radar, so as to intercept
and shoot down.
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2. Basic Hypothesis of Coordinate System Establishment

For the sake of simplicity, before deducing the hit judgment in the process of "dense array" firing
simulation, the following assumptions are made generally:

Firstly, because the encounter time between aircraft and target ship is very short, the relative
motion of aircraft and target can be considered as linear motion.

Secondly, the influence of the aircraft and the "dense array” projectile rolling around their
respective central axes is not considered, because the "dense array™ projectile is distributed along
the circumference of space, so the hypothesis is reasonable.

Thirdly, the attitude angle of the anti-ship aircraft is neglected, that is to say, the velocity of the
anti-ship aircraft coincides with its longitudinal axis, because the attitude angle of the "dense array"
projectile is considered, and this hypothesis is valid according to the principle of relative motion.

Under the above assumptions, the coordinate system can be established and the transformation
between coordinates can be realized.

3. Establishment of coordinate system

Ground coordinate system: Oxyzis set as fig. 1, the origin is selected according to need,
Ox axis is parallel to horizontal plane; Oy axis is perpendicular to horizontal plane, upward is

positive; Oz axis is set form right-handed system. According to the mathematical model of the
"dense array" projectile, the position and velocity of the projectile in the coordinate system can be
easily obtained.

Aircraft body coordinate system: O, XY,z 1S fixed with aircraft body, the origin in the center

of the target anti-ship aircraft; O, x, axis coincides with target longitudinal axis, and forward is
positive (that is, pointing to head is positive); O,y axis is perpendicular to axis in the longitudinal
symmetric plane of target, and upward is positive; O,z axis is perpendicular to planeO,_ X, Y,,,

and direction is determined according to right-handed rule. Anti-ship research is carried out in this
coordinate system. The position coordinates of each part of the aircraft are very convenient.
Transitional coordinate system: O, X,Y,Z,is fixed with aircraft body, the origin is also the center

of anti-ship aircraft; O,x,andO,y,axes are parallel to and parallel toOx andOy in the ground
coordinate system; O, z,axes is set form right-handed system (that is, the origin of ground

coordinate system is moved to the origin of aircraft body coordinate system).
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Figure 1 Establishment of Aircraft Body Coordinate System
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4. Coordinate system transformation

After the aircraft body coordinate system is established, the position of any point on the aircraft
can be conveniently expressed in the fixed aircraft body coordinate system. In addition, the space
position and velocity of the "dense array"” projectile in the ground coordinate system can also be
obtained by the simulation model, and then coordinate transformation is carried out.

Directional cosine matrix is a very important matrix in coordinate transformation. It transforms
the vector elements represented in one coordinate system into the vector elements represented in
another coordinate system (usually accompanied by the rotation of the second coordinate system
relative to the original coordinate system), and makes the vectors in the original coordinate system
and in the second coordinate system. The vectors are quantitatively linked.

According to Figure 2, using simple trigonometry, the following relationships can be established:

Y, = X, COS@ + X, Sin g (1)
Y, = X, (—=Sin @) + X, coS @ (2
The conversion matrix can be written as
3)

G — COs @ sin @
—SIinNg Ccosg@

Y,

\ Y1

>
Xy

Figure 2 Component Relation Diagram of Vectors in Coordinate Systems

This matrix has several distinct features:

Firstly, the elements in the row (column) corresponding to the rotation axis in the direction
cosine matrix are either 1 or 0.

Secondly, the other elements in the directional cosine matrix are either the sinusoidal value of
the rotation angle or the cosine value of the rotation angle on the diagonal line, while the sinusoidal
value is on the non-diagonal line.

Third, the negative sign in the sinusoidal term corresponds to the component outside the
quadrant formed by the original coordinate system.

In summary, the relationship between aircraft body coordinate system and ground coordinate
system can be obtained by one translation and three rotation of coordinate system.

So the transformation process is:

[ Xnr Ymr 2, ]T = E(71‘91§0)[ Xo1 Y012 ]T 4)

Where the rotation matrix can be found to be
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cosé@cos ¢ sing —singcosé
L(y,6,p) =| —sin@cospcosy +singsiny cosdcosy  sin@sin ¢ cos y +cos¢sin y (5)
sindcosgsiny +singpcosy  —cosdsiny —sin@sin gsin ¥ + coS @ Ccosy

5. Conclusion

In order to analyze the accurate spatial position relationship between projectile and aircraft in the
dense array system and obtain the in-depth results of hit and damage, three coordinate systems, i.e.
ground coordinate system, aircraft body coordinate system and transition coordinate system, are
established in this paper, and the conversion relationship among them is studied, so as to further
study. Dense array system has laid a good mathematical foundation.

References

[1] Feigenbaum M J. Quantitative universality for a class of nonlinear transformations [J], J. Stat.
Phys. 1978, 19: 25-52.

[2] Pecora L M and Carroll T L. Synchronization in chaotic systems [J], Phys. Rev. Lett.1990,
64:821-824.

[3] GE S S, Wang C, Lee T H. Adaptive backstepping control of a class of chaotic systems[J]. Int J
Bifurcation and chaos. 2000, 10 (5): 1140-1156.

[4] GE S S, Wang C, Adaptive control of uncertain chus’s circuits [J]. IEEE Trans Circuits System.
2000, 47(9): 1397-1402.

[5] Alexander L, Fradkov, Markov A Yu. Adaptive synchronization of chaotic systems based on
speed gradient method and passification [J]. IEEE Trans Circuits System 1997, 44(10):905-912.

[6] Andrieu, V., Praly, L., & Astolfi, A. (2008). Homogeneous approximation, recursive observer
design, and output feedback. SIAM Journal on Control and Optimization, 47, 1814-1850.

[7] Astolfi, D., & Marconi, L. (2015). A high-gain nonlinear observer with limited gain power.
IEEE Transactions on Automatic Control, 60, 3059-3064.

[8] Bhat, S. P., & Bernstein, D. S. (2005). Geometric homogeneity with applications to finite-time
stability. Mathematics of Control, Signals, and Systems, 17, 101-127.

[9] Freidovich, L. B., & Khalil, H. K. (2008). Performance recovery of feedbacklinearization-based
designs. IEEE Transactions on Automatic Control, 53, 2324-2334.

[10] Gao, Z. (2003). Scaling and bandwith-parameterization based controller tuning. In American
control conference, (pp.4989-4996).

[11] Guo, B. Z., & Zhao, Z. L. (2011). On the convergence of an extended state observer for
nonlinear systems with uncertainty. Systems & Control Letters, 60, 420-430.

[12] Han, J. Q. (2009). From PID to active disturbance rejection control. IEEE Transactions on
Industrial Electronics, 56, 900-906.

401



	Modeling and Analysis of Coordinate System Transformation for a Dense Array Weapon System
	1. Introduction
	2. Basic Hypothesis of Coordinate System Establishment
	3. Establishment of coordinate system
	4. Coordinate system transformation
	5. Conclusion



